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Some r e c e n t  inves t iga t ions  have been conce rned  
with s tab i l i ty  p rob l ems  of the mot ion of a gas o f  c o n -  
s tant  densi ty  in its own g rav i t a t iona l  f ie ld  [1-3].  The 
same  methods  can be used  to study the behav io r  of a 
s p h e r i c a l l y  s y m m e t r i c  m a s s  of c o m p r e s s i b l e  gas  
with a spa t i a l ly  cons tant  densi ty  in the absence  of 

g rav i ty .  
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Fig. 1 

As the principal parameters of motion we consider 

the density p and velocity u: 

po ll=~, 
P-jtJ~ ' 

where  r is the Eu le r  rad ius ,  P0 is a constant ,  t --+oo 
stands for  expansion and t ~ -co for c o m p r e s s i o n .  
This  mot ion c o r r e s p o n d s  to omnid i r ec t i ona l  expan-  
sion or c o m p r e s i o n ;  the mot ion r e m a i n s  sphe r i ca l l y  
s y m m e t r i c a l  with r e s p e c t  to any point in space.  In 
the following, we cons ide r  the mot ion to be adiabat ic ,  
with an adiabat ic  exponent  2 > 3/ > 1 (real  gas). 

1. It s e e m s  approp r i a t e  f i r s t  to d i scuss  q u a l i t a -  
t ive ly  the causes  of onset  of ins tabi l i ty .  In the p r e -  

sence  of g rav i ty ,  the p r inc ipa l  cause  of ins tabi l i ty  is 
the g rav i ty  fo rce ;  both p r e s s u r e  and v i s c o s i t y  a re  
only capable  of weakening ins tab i l i ty  (in Newtonian 
theory) .  

In the absence  of g rav i ty ,  the Cause of ins tabi l i ty  

is k inema t i c s .  It appea r s  that  any mot ion of a c o m -  
p r e s s i b l e  subs tance  with a spa t ia l ly  cons tan t  dens i ty  
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p o s s e s s e s  the fol lowing pecu l i a r i ty :  if the same  m o -  
t ion occu r s  in a s epa ra t e  reg ion  of space ,  but a t ime  
lead is involved 

const (A>0, Itl>A~ i 
P ' - - I t + A I  ~ 

(A is s m a l l  excep t  in the reg ion  of joint  solut ions) ,  

then 

p~-- p A 
p = _ - i -am 

For compression (t ~ -0) the solution involving a 
time lead begins to depart rapidly from the basic one. 
considering the time-lead solution as a disturbance 

imposed on the basic solution (such disturbances have 
been examined by Zel'dovich [3]), its solution will 
depend to a great extent on the equation of state. 

In qualitative terms, this is explained by the fact 

that the problem contains two velocities: Euler's 

velocity u = r/t, that depends on the radius, and the 
speed of sound c that is constant in space. 

c ~ p'/d~-l) . c = cot -'/2('~-1), co = coast. (1.1) 

If at any point in space there: is a sphe r i ca l l y  s y m -  
m e t r i c a l  d i s tu rbance ,  the cen t e r  of this  d i s tu rbance  
can always be taken as the or ig in  of the sys t em of 
coord ina tes .  If the ini t ia l  d imens ions  of the d i s t u r -  

bance a r e  not  cons ide red ,  then in the sp read ing  of the 
d i s tu rbance  in the r ,  t plane, the t r a j e c t o r y  of its 

boundary wil l  be the cu rve  

co 1%(%-v) -- At] (A = coast). (1.2) r = + ~ l l t  

Here ,  the plus and minus  signs c o r r e s p o n d  to c o m -  
p r e s s i o n  and expansion,  r e s p e c t i v e l y .  F r o m  this e x -  
ample  and the f igure  (where r '  = 3/2(3/ - 1)c0-~r), i t  
can be seen  that  at T < 5/3 the c o m p r e s s i o n  is un-  
s table;  on the o ther  hand, the expansion is of such a 

na ture  that  as t - -  ~ ,  the d i s tu rbance  is sp read  over  
a f ini te  m a s s  (M ~ r3/t3), i . e . ,  p - 1 5 p  ~ const.  

2. Let  us make  a m o r e  exact  ana lys i s .  The d i s -  
tu rbed  mot ion is r e p r e s e n t e d  in the fo rm 

po 
p = ~-~la [t + (o ir, t)], u=---~ [t +V(r, t)]. (2.1) 

Introducing Lagrange  coord ina tes  (mass  ~ pr 3 ~ 
~ r3 / t  3, R = r / t ) ,  the continuity equat ion and the 

Nav ie r -S tokes  equation can be r ead i ly  wr i t t en  in the 
f o r m  

0(o t 0 
t ~ - + - ~ i - ~  ( v ~ 9 =  0, 

OV c z &o 4 [tls FO2V 4 0 V 1  ( 2 . 2 )  

The f i r s t  equat ion indica tes  that  if the d i s tu rbance  
has not yet  appea red  at radius  R 1, then 

R t  

f o)R~dR = coast. (2.3) 
o 

Combining the equat ions  (2.2) and (2.3), it is p o s -  

s ible  to obtain an equat ion for w(R, t). We wil l  deve lop  
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the solution of this equation in a series (or an integral, 
depending on the boundary conditions) 

(R, t) = Z (o (kt) sin k R  
k R  ' 

k 

The  func t ion  co(k, t) s a t i s f i e s  the e q u a t i o n  

T h e  v i s c o s i t y  o f  t he  gas  i s  p r o p o r t i o n a l  to  ~f~,. 
w h e r e  T is the  t e m p e r a t u r e ,  i . e . ,  

It is obv ious  tha t  for  any w a v e l e n g t h ,  in c o m p r e s -  
s ion ,  t h e r e  is  a m o m e n t  of t i m e ,  s t a r t i n g  f r o m  wh ich  
v i s c o s i t y  m a y  be  n e g l e c t e d ,  w h i l e  in the  c a s e  of e x -  
p a n s i o n ,  v i s c o s i t y  m a y  be  n e g l e c t e d  a t  m o m e n t s  tha t  

a r e  c l o s e  to t he  o n s e t  of d i s t u r b a n c e .  We m a y ,  t h e r e -  
f o r e ,  e x a m i n e  the  m o t i o n  w i thou t  c o n s i d e r i n g  v i s c o -  
s i ty .  T h e n  the  e q u a t i o n  r e d u c e s  to the B e s s e l  e q u a -  
t ion  (c 2 = c0 2 Itl-3(7 -1). Its s o l u t i o n  (for T ~ 1) is 

where 

t 
~'= 3(~--I) , 

2co f k ] 
w= 3(T_i) Itl -V~t~r-z) f o r t ~ - - o , ( 2 . 5 )  

o) (k, t) * } t I '/'(~-'1~) cos Ix T 1/2uv -- 114a1 �9 (2.6) 

Hence for compression, it can be seen that the 

motion is unstable if 7 < 5/3. The amplitude of the 

standing wave increases in an oscillatory fashion. If 
T > 5/3, the motion is stable. The amplitude of the 

standing wave decreases. 

In the case of expansion, at a moment close to 

the onset of disturbance (t increasing, but still close 

to § we have the reversed pattern. The motion is 

stable for T < 5/3 and unstable for 7 > 5/3. For ex- 

pansion, when t ~ +m, 

o) (k ,  t) --+ c o n s t  , ( 2 . 7 )  

the  d i s t u r b a n c e  t ends  t o w a r d  a f in i t e  va lue .  Thus ,  
the  r e s u l t s  of an e x a c t  a n a l y s i s  fu l ly  s u p p o r t  the  q u a -  
l i t a t i v e  a n a l y s i s .  

T h e  m o t i o n  m a y  be  u n s t a b l e .  I n s t a b i l i t y  is de f ined  

by the e q u a t i o n  of  s t a t e ,  and is i n d e p e n d e n t  of the  
w a v e l e n g t h  (for 7 ~ 1). 

In the  i s o t h e r m a l  c a s e  (7 = 1), i f  v i s c o s i t y  i s  n e -  
g l e c t e d ,  the  e q u a t i o n  (2.4) h a s  t he  s o l u t i o n  

~o (k; t) = C~t ~', + c~t ~'', a~,~ = i/~ + 1 / ~  _ c~ - k'~, 

where C I and C 2 are constants; when a is complex, Ct = 

= C{. In the isothermal case, the motion is unsteady 

and, contrary to the general case, the increase in 

amplitude depends on the wavelength. 

In all cases, for expansion at large intervals of 

time the influence of viscosity becomes apparent, 

which ensures attenuation, as can be seen from (2.4). 
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